We consider (holomorphic) Lagrangian fibrations π : X → P n that satisfy some natural hypotheses. We prove that there are only finitely many such Lagrangian fibrations up to deformation.
Introduction
Let X be an irreducible holomorphic symplectic manifold of dimension 2n, i.e., X is a compact Kähler manifold admitting a holomorphic two-form σ which is non-degenerate in the sense that σ ∧n trivializes the canonical bundle K X = Ω 2n . In this context, irreducibility means that X is simply-connected and H 0 (X, Ω 2 ) is generated by σ. Ultimately we would like to classify such manifolds up to deformation; in this article we assume that X admits the additional structure of a Lagrangian fibration.
Matsushita [19] proved that if π : X → B is a fibration on X then dimB must equal n, the generic fibre must be an n-dimensional complex torus, and every fibre must be Lagrangian with respect to the holomorphic symplectic form σ. Hwang [8] later proved that the base must be isomorphic to P n if it is smooth and X is projective. In this article, by Lagrangian fibration we shall mean an irreducible holomorphic symplectic manifold admitting a fibration π : X → P n . Our main result is:
Theorem 1 Fix positive integers n and d 1 , . . . , d n , with d 1 |d 2 | · · · |d n . Consider Lagrangian fibrations π : X → P n that satisfy 1. π : X → P n admits a global section, 2. there is a very ample line bundle on X which gives a polarization of type (d 1 , . . . , d n ) when restricted to a generic smooth fibre X t , 3 . over a generic point t of the discriminant locus (i.e., the hypersurface ∆ ⊂ P n parametrizing singular fibres) the fibre X t is a rank-one semi-stable degeneration of abelian varieties, 4 . a neighbourhood U of a generic point t ∈ P n describes a maximal variation of abelian varieties.
Then there are finitely many such Lagrangian fibrations up to deformation. * 2010 Mathematics Subject Classification. 14D06, 14K10, 53C26.
The precise meanings of "rank-one semi-stable degeneration" and "maximal variation" will be made clear in Section 2, and these hypotheses are discussed further in Subsections 4.1 to 4.3. Some restrictions on the types of polarizations that can occur in dimension 2n = 4 were previously found by the author [28] .
The idea of the proof is as follows. The first two hypotheses ensure the existence of a "classifying map"
φ : P n \∆ → A d1,...,dn from the complement of the discriminant locus in the base to the moduli space of (d 1 , . . . , d n )-polarized abelian varieties. The third hypothesis implies that φ extends over generic points of ∆ to a mapφ : P n \∆ 0 → A * d1,...,dn , where ∆ 0 ⊂ ∆ is codimension two in P n and A case, and let A n := A 1,...,1 be the moduli space of n-dimensional principally polarized abelian varieties. Recall that there is a partial compactification of A n , given as a set by
where X n−1 → A n−1 is the universal principally polarized abelian variety of dimension n−1. The codimension one boundary X n−1 / ± 1 parametrizes degenerate abelian varieties in the following way: if x ∈ X n−1 , then x is a point on an (n − 1)-dimensional abelian variety A. Since A is principally polarized, we can also think of x as a point on the dual varietŷ A = Pic 0 A ∼ = A, corresponding to a degree zero line bundle L x on A. Take the P 1 -bundle P(O A ⊕L x ) over A and glue the zero and infinity sections; these sections are both isomorphic to A, under the projection P(O A ⊕L x ) → A, but when we glue them we include a translation by x ∈ A. Let Y denote the resulting variety. Note that Y is not normal: topologically it looks like the product of A with a nodal rational curve, but as a complex algebraic variety Y is only a product if x = 0. Starting instead with −x produces the same variety, so the construction only depends on [x] ∈ X n−1 / ± 1.
Definition The resulting variety Y is known as a rank-one semi-stable degeneration of principally polarized abelian varieties.
Note that the smooth locus of Y , which is a C * -bundle over A, is a semi-abelian variety. Then Y is a toric compactification of this semi-abelian variety, with rank-one toric part.
For a general polarization of type (d 1 , . . . , d n ), a rank-one semi-stable degeneration can consist of several irreducible components. Each component will be a P 1 -bundle over an (n − 1)-dimensional abelian variety A (unless there is only one component), and they will be glued together to form a cycle, with the infinity section of one glued to the zero section of the next. Overall, the composition of all the gluings will include a translation by an element x ∈ A. There is a partial compactification A * d1,...,dn of the moduli space A d1,...,dn of (d 1 , . . . , d n )-polarized abelian varieties, whose boundary divisor A * d1,...,dn \A d1,...,dn parametrizes these rank-one semi-stable degenerations. To determine all the possibilities for the number of components of a degeneration and the polarization type of A is a complicated combinatorial problem, but we do not need an explicit solution here. It is enough to note that each possibility yields an irreducible component of the boundary divisor. Now suppose that Z → U is a family of (d 1 , . . . , d n )-polarized abelian varieties over a small open set U , in the analytic topology. There is a map U → A d1,...,dn associated to this family.
Definition We say that Z/U describes a maximal variation of abelian varieties if the map U → A d1,...,dn is an immersion.
Having made these clarifications, let us turn to the situation of Theorem 1, i.e., suppose that π : X → P n is a Lagrangian fibration satisfying hypotheses 1 to 4. Over the complement P n \∆ of the discriminant locus we have a family of n-dimensional complex tori. The first hypothesis, existence of a global section, rigidifies this family by providing a basepoint in each fibre. By the second hypothesis, the fibres are (d 1 , . . . , d n )−polarized. We therefore have a map φ : P n \∆ → A d1,...,dn .
By the third hypothesis, the singular fibre of X → P n over a generic point of ∆ is a rank-one semi-stable degeneration, and therefore φ extends over generic points of ∆ to a map φ : P n \∆ 0 → A * d1,...,dn , where ∆ 0 ⊂ ∆ is codimension at least two in P n . Finally, φ is an immersion by the fourth hypothesis. Note, however, thatφ might not be an immersion along ∆\∆ 0 .
Definition We callφ the classifying map of the Lagrangian fibration π : X → P n .
Line bundles
We first consider line bundles on the moduli space A n of principally polarized abelian varieties and its partial compactification A * n . The Hodge line bundle on A n is defined as
where π : X n → A n is the universal abelian variety and ω Xn/An is the relative canonical bundle. The local system R n π * C Xn/An is a variation of Hodge structure over A n , and L is the bottom piece of the Hodge filtration. In other words, we have an embedding as a sub-bundle
The Hodge line bundle can be extended to A * n in a natural way. Namely, O An ⊗ C R n π * C Xn/An has an upper canonical extension to a locally free sheaf on A * n , and π * ω X * n /A * n coincides with the corresponding upper canonical extension of the bottom piece of the Hodge filtration (see Theorem 8.10.7 of Kollár [14] ), where π : X * n → A * n is the extension of the universal abelian variety to the partial compactification A * n (we are abusing notation, using π to denote both projections X n → A n and X * n → A * n , but the meaning should be unambiguous). Then π * ω X * n /A * n , which we will also denote by L, is the required extension of the Hodge line bundle to A * n . Remark The Hodge line bundle L on A n can also be defined as the bundle of scalar modular forms of weight one, which again admits a natural extension to A * n (see Grushevsky [3] ). The boundary divisor D := X n−1 / ± 1 = A * n \A n in A * n is irreducible. The Picard group of A * n is generated over Q by L and D (we will use the same notation to denote both divisors and their associated line bundles; the intended meaning will be clear from context). Note that since A n and A * n are really moduli stacks, we work with Q-divisors. The nef and ample cones of A * n are determined by the following result.
Theorem 2 (Hulek-Sankaran [6] ) The Q-divisor aL − bD on A * n is nef iff a ≥ 12b ≥ 0 and ample iff a > 12b > 0.
It follows that H = aL − bD will be very ample on A * n for sufficiently large a and b satisfying a > 12b > 0.
For general polarizations, let π : X → A d1,...,dn be the universal abelian variety and let π : X * → A * d1,...,dn be its extension to the partial compactification. The Hodge line bundle can be defined on A d1,...,dn in the same way as before, i.e., and extended to the partial compactification by
.
The boundary
D := A * d1,...,dn \A d1,...,dn will no longer be irreducible, so we write
for the decomposition into irreducible components. Then L and D 1 , . . . , D m generate the Picard group of A * d1,...,dn over Q. Moreover,
will be very ample for sufficiently large a, b 1 , . . . , b m , with a ≫ b i . We will fix such a divisor H for the remainder of the article.
We return now to the Lagrangian fibration π : X → P n . Recall that we have a classifying mapφ :
..,dn . We wish to describe the pullbacks of L and D byφ.
Lemma 3
The pullback to P n \∆ 0 of the Hodge line bundle is
Proof Because the boundary divisor D of A * d1,...,dn parametrizes rank-one semi-stable degenerations of abelian varieties, the local system R n π * C X /A d 1 ,...,dn will have unipotent monodromy around every irreducible component of D. Similarly, hypothesis 3 implies that the corresponding local system on P n \∆ will have unipotent monodromy around every irreducible component of ∆. By Theorem 8.10.8 of Kollár [14] the canonical extension of the bottom piece of the Hodge filtration commutes with pullbacks in this situation. In other wordsφ
(we are abusing notation again, by using π to denote both the projections X → P n \∆ 0 and X * → A * d1,...,dn ). If π : X → P n were smooth everywhere, we would have by Grothendieck-Serre duality
and in particular π * ω X/P n ∼ = (R n π * O X ) ∨ . Of course π : X → P n is not smooth everywhere, but this isomorphism still holds over P n \∆, i.e., away from the singular fibres, a priori. Moreover, since π * ω X/(P n \∆) and R n π * O X | P n \∆ are the bottom and top pieces of the Hodge filtration on the local system R n π * C X/(P n \∆) , they admit canonical extensions from P n \∆ to P n \∆ 0 , and the isomorphism extends to
Finally, Proposition 7.6 of Kollár [13] states that R n π * ω X ∼ = ω Y for a fibration π : X → Y of relative dimension n between smooth projective varieties. In our case X is a holomorphic symplectic manifold, so ω X ∼ = O X and Kollár's result becomes R n π * O X ∼ = ω P n (in fact, Matsushita [21] proved that R i π * O X ∼ = Ω i P n for all i, though we do not need this stronger statement). Putting everything together we obtain
Remark There is an alternate approach to calculatingφ * L, which is to use the generalization of Kodaira's canonical bundle formula as proved by Kawamata [12] , and described by Kollár in [14] . This formula applies to a fibration f : X → Y between normal varieties with generic fibre F which satisfies p + g = 1, and it looks like
The full statement is rather complicated, and takes about half a page to state (see Theorem 8.5.1 of [14] ), but the main points are
• the Q-divisor R is chosen so that K X + R is Q-Cartier and rationally equivalent to the pullback of some Q-Cartier divisor on Y ,
• the reduced divisor B on Y parametrizes "bad" singular fibres, in the sense that f has slc (semilog canonical) fibres in codimension one over Y \B,
• these bad singular fibres then contribute to the formula through the Q-divisor B R , supported on B,
• the term J(X/Y, R) is the moduli part, describing the variation of the fibres in the family f : X → Y . Now for a Lagrangian fibration π : X → P n , K X is trivial, so R can be chosen to be trivial too. By our hypothesis 3, the codimension one singular fibres of π are rank-one semistable degenerations of abelian varieties, which are slc. So B is empty, and then B R must also vanish. The canonical bundle formula therefore looks like
and we conclude that the moduli part J(X/P n ) ∼ = K ∨ P n . But this moduli part can be identified with the pullback of the Hodge line bundle (see Definition 8.4.6 and the basechange Proposition 8.4.9 in [14] ).
Over each irreducible component of ∆ the fibres of X → P n will conform to a particular combinatorial type of degeneration, corresponding to a particular irreducible component of the boundary divisor D in A * d1,...,dn . Thus we can write
for the decomposition of ∆ into irreducible components, whereφ maps ∆ ij into D i . Note that s i could be zero for some i, if X → P n contains no singular fibres of the type parametrized by D i .
Lemma 4
The pullback to P n \∆ 0 of the irreducible component D i of the boundary divisor isφ
for some integers k ij ≥ 1.
Proof This follows immediately from the fact that D i and the ∆ ij both parametrize degenerate abelian varieties of the same combinatorial type. Note that k ij could be strictly greater than 1 ifφ is ramified along ∆ ij .
Remark In fact, there should not be ramification along any ∆ ij , as ramification would imply that a local base change is possible, leading to stable reduction of the singular fibres over ∆ ij (see Hwang and Oguiso [10] ). However, the singular fibres over ∆ ij are already semi-stable by hypothesis 3, and therefore no stable reduction should be needed.
Combining the previous two lemmas we reach the following conclusion.
Lemma 5
The pullbackφ * H of the very ample bundle H on A * d1,...,dn has bounded degree, where we measure the degree by intersectingφ * H with a generic line in P n (which will of course avoid the codimension two subset ∆ 0 ).
Proof Remember that we have fixed sufficiently large integers a and b 1 , . . . , b m so that
has degree bounded above by a(n + 1).
Corollary 6 For a Lagrangian fibration by principally polarized abelian varieties the degree of the discriminant locus is bounded deg∆ ≤ 12(n + 1).
Proof Since H is very ample andφ is generically an immersion, we must have
In the principally polarized case the boundary divisor D is irreducible, so m = 1, and dropping i from the notation we have
Since this is true for all sufficiently large a and b satisfying a > 12b > 0, the lemma follows.
Remark Elliptic K3 surfaces can have up to 24 singular fibres, so this bound is sharp when n = 1. However, it is not sharp when n = 2, as the author proved in [28] that deg∆ ≤ 30 for Lagrangian fibrations by abelian surfaces (assuming the generic singular fibres are semi-stable, but allowing arbitrary polarizations of the fibres). In higher dimensions, deg∆ = 6(n + 3) for the Beauville-Mukai integrable system, and deg∆ = 6(n + 1) for the Lagrangian fibration on the generalized Kummer variety (whose fibres are not principally polarized).
Finiteness
To each Lagrangian fibration we have associated a classifying map. In this section we show that this association is one-to-one, i.e., two Lagrangian fibrations with the same classifying map must be isomorphic. Then we give a precise description of the space of all classifying maps. This will ultimately lead to a proof of Theorem 1.
Injectivity
Proposition 7 The association that assigns the classifying map
to each Lagrangian fibration π : X → P n satisfying hypotheses 1 to 4 of Theorem 1 is one-to-one.
Remark Strictly speaking, we should consider Lagrangian fibrations up to isomorphism and classifying maps up to the natural action of PGL(n + 1, C) on the space of such maps. We will leave these identifications implicit.
Proof For the sake of analogy, we begin with a related but simpler problem: reconstructing an elliptic fibration Y → B from its functional invariant or j-function. The following theory was developed by Kodaira; see Section V.11. of Barth, Peters, and Van de Ven [1] . As with our Lagrangian fibrations, we impose several hypotheses on the elliptic fibration: namely, it admits a global section and the generic singular fibres are stable (i.e., of type I b in Kodaira's classification). Let us again denote the discriminant locus by ∆ ⊂ B and the codimension two subset of non-generic singular fibres by ∆ 0 ⊂ B. Associated to an elliptic fibration is its functional invariant
where M 1,1 is the compactification of the moduli space of elliptic curves, i.e., genus one curves with one marked point, and its homological invariant, a representation which describes the monodromy as we pass around ∆. Now composing R with the quotient
gives a representation r :
which is already uniquely determined by the functional invariant. Thus a homological invariant belonging to J is really just a lift of r to R. First consider elliptic surfaces, so that dimB = 1, ∆ is a collection of points, and ∆ 0 is empty. In general, an elliptic surface Y → B which admits a global section (in particular, without multiple fibres) and with possibly non-stable singular fibres is uniquely determined by J and R (see Theorem 11.1 of [1] ). Now up to conjugation, the monodromies around fibres of type I b and I * b are 1 b 0 1 and
respectively. So if there is a lift of r to R such that all singular fibres of the corresponding elliptic surface are stable, i.e., of type I b , then any other lift of r to R would lead to singular fibres of type I * b , i.e., unstable. In other words, by imposing the hypothesis that the singular fibres are stable, we ensure that the elliptic surface is uniquely determined by its functional invariant J alone.
The same arguments applied to higher dimensional elliptic fibrations, with dimB > 1, enable us to uniquely determine the fibration over B\∆ 0 from J and R for fibrations admitting global sections, and from J alone for fibrations whose generic singular fibres are stable. To conclude, we need to extend over the codimension two subset ∆ 0 . This follows from a result of Matsusaka and Mumford [18] which states that a birational map between smooth projective varieties which restricts to an isomorphism on the complements of codimension two subsets, and which takes an ample divisor to an ample divisor, must in fact be an isomorphism (see Exercise 5.6 of Kollár, Smith, and Corti [17] ). There is also a relative version of this result, with ample divisors replaced by relatively ample divisors (see Exercise 75 of Kollár [16] ). In our case, given two elliptic fibrations Y → B and Y ′ → B with the same functional invariant (and which admit global sections and whose generic singular fibres are stable) we first conclude that they are isomorphic over B\∆ 0 and then apply the relative version of Matsusaka and Mumford's result to conclude Y ∼ = Y ′ . Returning to Lagrangian fibrations, first note that the classifying mapφ takes the place of the functional invariant J. In the principally polarized case, the classifying map will determine a representation r :
and the homological invariant will be a lift
representing the monodromy around ∆. For general polarizations, PSp(2n, Z) and Sp(2n, Z) should be replaced by the appropriate discrete symplectic groups of type (d 1 , . . . , d n ). Suppose the monodromy around a semi-stable singular fibre is given by the matrix T . If we choose a different lift of r to R, the monodromy will change to ζT , where ζ is some m th root of unity. By the stable reduction theory developed by Hwang and Oguiso [10] , the monodromy ζT will correspond to an unstable singular fibre, as a base change of order m will be necessary to produce a fibration with a semi-stable singular fibre (note that their terminology "stable" is equivalent to our "semi-stable"). We conclude that, as with elliptic fibrations, if there is a lift of r to R such that all generic singular fibres of the corresponding Lagrangian fibration are semi-stable, then any other lift of r to R would lead to unstable singular fibres. Therefore a Lagrangian fibration whose generic singular fibres are semistable is uniquely determined over P n \∆ 0 by its classifying mapφ alone. Note that in the principally polarized case, Hwang and Oguiso [11] actually give an explicit construction of the Lagrangian fibration fromφ, which they call the "period map", but for our argument their stable reduction theory [10] , which applies to all polarization types, is sufficient.
Finally, we can extend our result over ∆ 0 by applying Matsusaka and Mumford's result as before. This concludes the proof.
Remark Note that for an arbitrary functional invariant J : B\∆ 0 → C∪{∞} there may be no lift of r to R whose corresponding elliptic fibration has generic fibres that are all stable. Moreover, if such a lift does exist, it may not be possible to complete the elliptic fibration over B\∆ 0 to a fibration over all of B. Similar comments apply to the classifying mapφ. In the next subsection, we will identify conditions onφ that ensure that a complete Lagrangian fibration X → P n whose generic fibres are semi-stable can be recovered fromφ.
The space of classifying maps
Recall that we have fixed a and b 1 , . . . , b m such that 
which is given by N + 1 homogeneous polynomials ψ i (z 0 , . . . , z n ), all of the same degree
In other words,
In this section, by classifying map we shall mean ψ rather thanφ. By Lemma 5, k is bounded by a(n + 1), so the space of all classifying maps lies in
V k . However, not every map in
V k will arise as a classifying map, so we need to describe the subset of classifying maps. It is enough to focus on a particular degree; henceforth we assume that k is fixed and we drop it from our notation, writing simply V for V k . We will describe a sequence of conditions on a map ψ ∈ V that are both necessary and sufficient for ψ to be the classifying map of a Lagrangian fibration. At each step, we will prove that the added condition is either open, closed, or locally closed (more precisely, in this last case the subset of maps satisfying the condition will be a finite union of locally closed subsets). Ultimately, we will find that the subset V (7) ⊂ V of classifying maps is a constructible algebraic set, and therefore it consists of finitely many connected components.
Firstly, as a rational map from P n to P N , the classifying map should be defined up to codimension two.
Definition Define V
(1) ⊂ V to be the subset of maps
such that ψ i do not simultaneously vanish on any codimension one subvariety of P n , and which therefore define a rational map ψ : P n P N that is regular on the complement of a codimension two subset ∆ 0 ⊂ P n . (Note that the codimension two subset ∆ 0 is not fixed, but depends on ψ; see the remark following Lemma 10.)
Proof This follows from a straightforward determinantal argument.
By hypothesis 4, we are considering only Lagrangian fibrations which are maximal variations (around generic fibres). Therefore the classifying map should be an immersion.
to be the subset of maps such that ψ : P n P N is an immersion at a generic point.
Proof This also follows from a straightforward determinantal argument.
Next, the classifying map must factor through the embedding of the partial compactification of the moduli space of abelian varieties in P N .
Definition Define V (3) ⊂ V (2) to be the subset of maps such that the image of ψ lies in A * d1,...,dn ⊂ P N but not entirely inside the boundary divisor D ⊂ A * d1,...,dn .
Lemma 10
The subset V (3) is (Zariski) locally closed in V (2) , i.e., open in its closure.
Proof Consider first the subset of maps in V (2) such that the image of ψ lies in the closure of A * d1,...,dn in P N . This is clearly a closed condition, and in fact this subset is the closurē Remark Each ψ ∈ V (3) gives a rational map ψ : P n A * d1,...,dn , regular on P n \∆ 0 , whose image is not contained in the boundary divisor D ⊂ A * d1,...,dn . Thus the closure of ψ −1 (D) is a divisor in P n , which we denote by ∆. Again, ∆ ⊂ P n is not fixed, but depends on ψ. Indeed, we can pull back the boundary divisor D by the universal map
to obtain a universal discriminant
which gives the appropriate ∆ when restricted to each {ψ} × P n . The indeterminacy of the universal map also yields
giving the appropriate ∆ 0 for each ψ ∈ V (3) .
If ψ ∈ V (3) then we can pull back the universal family X * → A * d1,...,dn by ψ, to obtain a family X → P n \∆ 0 of abelian varieties of polarization type (d 1 , . . . , d n ), and rank-one semi-stable degenerations thereof. Note that A d1,...,dn is not a fine moduli space, so there could be more than one family of abelian varieties X → P n \∆ associated to the map ψ| P n \∆ (where, by the definition of ∆, P n \∆ is the inverse image of A d1,...,dn under ψ). As described in the previous section, these different families would have the same classifying map but different homological invariants. However, we saw that the homological invariant is uniquely determined by the classifying map if the generic singular fibres are required to be semi-stable. Therefore the above family X → P n \∆ 0 is uniquely determined. Next we need to add a condition that will ensure that the family X → P n \∆ 0 can be completed to a family over P n . We have a (regular) map from P n \∆ 0 to A * d1,...,dn , but it is too much to expect this to extend to a map from P n to, say, a toroidal compactification of A d1,...,dn (indeed, the author knows no examples in dimension 2n ≥ 4 where this happens; Lagrangian fibrations always seem to contain unstable fibres in higher codimension). On the other hand, the fibres X t are polarized and can be embedded in projective space. So instead of using compactifications of moduli spaces of abelian varieties, we will use Hilbert schemes.
A Lagrangian fibration π : X → P n is equidimensional, and therefore a flat family. Our hypothesis 2 ensures the existence of a very ample line bundle A on X which restricts to a polarization A t of type (d 1 , . . . , d n ) on a generic smooth fibre X t . Thus
and the higher cohomology must vanish. We will show that this is also true for singular fibres.
Claim 11
Let t be an arbitrary point in P n and let A t be the restriction of the very ample line bundle A to the fibre X t . Then
Proof As already explained, h j (X t , A t ) = 0 for j > 0 and for generic t. Therefore the higher direct image sheaves R j π * A are torsion. On the other hand, Theorem 2.2 of Hacon [4] states that R j π * (ω X ⊗ A) is torsion free for j ≥ 0. Since ω X is trivial, we conclude that R j π * A must vanish for j > 0. Now Corollary 3 on page 50 of Mumford [23] states that if H j (X t , A t ) vanishes for all t ∈ P n then the natural map
is an isomorphism for all t ∈ P n . Since H n+1 (X t , A t ) vanishes for all t ∈ P n for dimension reasons, and since R n π * A vanishes, we conclude that H n (X t , A t ) vanishes for all t ∈ P n . Continuing by reverse induction, we find that H j (X t , A t ) vanishes for all j > 0 and for all t ∈ P n . Finally, π : X → P n is a flat family and
is topological, so for all t ∈ P n we find that h 0 (X t , A t ) agrees with the value d 1 · · · d n for a smooth fibre. Moreover, π * A is a locally free sheaf of rank
Since A t is very ample, each fibre X t is embedded in P(H 0 (X t , A t ) ∨ ), which by the claim is isomorphic to P M−1 , where
We would like to interpret this as giving a point in Hilb, where Hilb denotes the component of the Hilbert scheme of subschemes of P M−1 which contains the abelian varieties with polarization type (d 1 , . . . , d n ). But the subscheme X t ⊂ P M−1 is only defined up to the action of PGL(M, C) on P M−1 . To get an actual point in Hilb for each t, we need to choose a basis for H 0 (X t , A t ). To summarize, there is a principal GL(M, C)-bundle G on P n , which is the bundle of local frames of the rank M vector bundle π * A on P n , and a map from G to Hilb. To make this work for an arbitrary classifying map, we first need the rank M vector bundle to extend to P n . Then we need the map from the associated GL(M, C)-bundle to Hilb to extend.
Definition Let ψ ∈ V (3) , let π : X → P n \∆ 0 be the corresponding family of abelian varieties, and let A be the relative polarization for this family (restricted to each fibre X t , A t := A| Xt is very ample, but A need not be very ample or even ample on X itself ). Define V (4) ⊂ V (3) to be the subset of maps such that the rank M vector bundle π * A on P n \∆ 0 extends to a vector bundle on all of P n .
Lemma 12
The subset V (4) is a constructible subset of V (3) , i.e., it is a finite union of (Zariski) locally closed subsets in V (3) .
Proof If a vector bundle W on P n \∆ 0 extends to P n , then the extended vector bundle will be given by ι * W , where ι : P n \∆ 0 ֒→ P n is the inclusion map. Therefore V (4) is the subset of maps for which ι * W is locally free, where W is the vector bundle π * A on P n \∆ 0 . Consider the universal situation. Thus we have a vector bundle W on (V (3) × P n )\D 0 which we can push forward by the inclusion
to get a coherent sheaf ι * W. Restricting ι * W to each {ψ} × P n gives the appropriate ι * W corresponding to ψ. In other words, we obtain a family of coherent sheaves on P n parametrized by ψ ∈ V (3) . Kollár studied this situation, and proved that there is a decomposition of V (3) into finitely many locally closed subsets V Definition Let ψ ∈ V (4) , let W be the resulting vector bundle on P n given by extending π * A, and let G be the principal GL(M, C)-bundle on P n given by the bundle of local frames of W . For t ∈ P n \∆ 0 , each point f ∈ G t represents a choice of basis for H 0 (X t , A t ), so there is a morphism α : G| P n \∆0 → Hilb given by mapping f to the point in the Hilbert scheme Hilb which represents
to be the subset of maps ψ such that α extends to a morphism α : G → Hilb.
Lemma 13
The subset V (5) is (Zariski) locally closed in V (4) .
Proof First consider a simpler situation. Suppose we have a rational map β : C n P N that is regular on the complement of the origin O. Resolving the indeterminacy, we obtain a morphismβ : C n → P N where C n is C n with the origin blown up, possibly several times. Let E ⊂ C n be the exceptional locus of the blow-up. When considering families of such maps β, we look at the dimension of the image of E underβ. For each integer l ≥ 0, let U l be the subset of rational maps β such thatβ(E) has dimension greater than or equal to l; by semi-continuity this is a closed condition, i.e., U l is a closed subset. Therefore U := U 0 \U 1 is a locally closed subset. But U is precisely the subset of rational maps β such thatβ(E) is a single point, which means that the rational map β must extend to a morphism defined on all of C n . We have thus shown that extendability of the rational map β is a locally closed condition.
The above argument can be adapted to show that, in general, extendability of maps is a locally closed condition. Therefore V (5) is locally closed in V (4) .
Suppose ψ ∈ V (4) . As described above, there is an associated map
The group PGL(M, C) acts on the GL(M, C)-bundle G fibrewise. It also acts on Hilb, which is a component of the Hilbert scheme of subschemes of P M−1 , by acting on the ambient space. The PGL(M, C)-equivariance of α follows immediately from its definition. Now if ψ ∈ V (5) then the map α extends tō
We claim thatᾱ will also be PGL(M, C)-equivariant. To see this, fix g ∈ PGL(M, C). The set {f ∈ G|ᾱ(g.f ) = g.ᾱ(f )} is closed in G and it contains the dense open subset G| P n \∆0 . It follows thatᾱ(g.f ) = g.ᾱ(f ) for all f ∈ G, and for all g ∈ PGL(M, C), proving the claim. So for each point t ∈ ∆ 0 , the fibre G t maps to a PGL(M, C)-orbit in Hilb, corresponding to a subscheme X t ⊂ P M−1 defined up to projective transformations of the ambient space. Moreover, these X t fit together to give a completion X → P n of the original family of abelian varieties over P n \∆ 0 (we are abusing notation here, using X to denote the original family and its completion, but the meaning should be clear from the context). Thus V (5) is the subset of maps ψ which yield complete families X → P n . Moreover, the fibres X t all have the same Hilbert polynomial, since they correspond to points in Hilb, and the family X → P n is flat.
Definition Define V (6) ⊂ V (5) to be the subset of maps such that the corresponding family X → P n is smooth, i.e., the total space X is smooth. Define V (7) ⊂ V (6) to be the subset of maps such that X is an irreducible holomorphic symplectic manifold, and thus X → P n is a Lagrangian fibration.
Lemma 14
The subset V (6) is open in V (5) and the subset V (7) is open in V (6) .
Proof Each map ψ ∈ V (5) yields a variety X. Given any family of varieties, the singular ones form a closed subset; this proves that V (6) is open in V (5) . Sufficient conditions to ensure that a smooth variety X of dimension 2n will be an irreducible holomorphic symplectic manifold are h 1,0 (X) = 0, h 2,0 (X) = 1, and K X is trivial. In a family, the first two conditions are both open (in a flat family the Hodge numbers would even be constant). Then the third condition will also be open inside the open set where h 1,0 (X) = 0, since this ensures that the Picard group is discrete. Therefore V (7) is open in V (6) .
Conclusion of the proof
Proof (of Theorem 1) We have described an association that assigns a classifying map
to each Lagrangian fibration π : X → P n satisfying hypotheses 1 to 4. By Proposition 7 this association is one-to-one. By definition, the subset
V k describes precisely those maps ψ which arise as classifying maps of Lagrangian fibrations. In other words, there is a bijection between the set of Lagrangian fibrations satisfying hypotheses 1 to 4 and the set a(n+1) k=1
k . By Lemmas 8 to 13,
V k , so it consists of finitely many connected components. Each connected component then parametrizes a continuous family of Lagrangian fibrations, which are therefore deformation equivalent. It follows that there are finitely many Lagrangian fibrations satisfying hypotheses 1 to 4, up to deformation.
4 The hypotheses 4.1 Rank-one semi-stable singular fibres Matsushita [20] classified the codimension one singular fibres which can occur in a Lagrangian fibration of dimension four. Hwang and Oguiso [9, 10] extended this classification to higher dimensions (see also Matsushita [22] for the projective case). Our hypothesis 3, that the generic singular fibre is a rank-one semi-stable degeneration of abelian varieties, corresponds to type I m or A ∞ in Hwang and Oguiso's notation. More precisely, their classification is of the characteristic 1-cycles; if the (rank-one semi-stable) singular fibre consists of k irreducible components then the characteristic 1-cycle will be either of type I m where m is a multiple of k, or of type A ∞ .
Note that a rank r semi-stable degeneration of an abelian variety is a toric compactification of a semi-abelian variety with rank r toric part; it occurs over a codimension r boundary component of a toric compactification of A (d1,...,dn) (see the book of Hulek, Kahn, and Weintraub [5] for the abelian surface case). However, by Hwang and Oguiso's classification, these higher rank semi-stable degenerations cannot occur as generic singular fibres of Lagrangian fibrations. In other words, hypothesis 3 is equivalent to requiring that the generic singular fibre be semi-stable, as it would then automatically be rank-one as well.
When n = 1, our hypothesis is that the elliptic K3 surface has only singular fibres of type I m in Kodaira's classification. This is not true for every elliptic K3 surface, but it is true for a generic elliptic K3 surface, which in fact has only nodal rational curves (type I 1 ) as singular fibres. We expect similar behaviour in higher dimensions.
Conjecture 15
Let π : X → P n be a Lagrangian fibration by abelian varieties. Then a generic deformation of X, which preserves the Lagrangian fibration, will have rank-one semi-stable degenerations as singular fibres in codimension one. Moreover, if π : X → P n admits a global section then we can restrict to deformations that also preserve the section.
Remark A generic elliptic K3 surface which admits a section will have Picard number ρ = 2. This means that, a priori, it can only have singular fibres of types I 1 and/or II, i.e., only nodal and/or cuspidal rational curves. All other singular fibres in Kodaira's classification would contribute non-trivially to the Picard group, and force ρ > 2.
While this simple argument does not eliminate cuspidal rational curves, it does have the advantage of generalizing to higher dimensional Lagrangian fibrations. Firstly, the deformation theory is analogous to the corresponding theory for elliptic K3 surfaces (see Matsushita [21] and the author's article [30] ). In particular, the local Torelli theorem can be used to show that a generic Lagrangian fibration which admits a section will have Picard number ρ = 2. Next, Oguiso [25] generalized the Shioda-Tate formula to fibrations by abelian varieties. Using this formula, one can show that most of the singular fibres in Hwang and Oguiso's classification contribute non-trivially to the Picard group. So if ρ = 2, the Lagrangian fibration can only have generic singular fibres of types I m , A ∞ , and/or II, i.e., only semi-stable degenerations and/or higher dimensional analogues of cuspidal rational curves. The conjecture above asserts that, generically, type II singular fibres should not occur either.
A more direct way to avoid the hypothesis of semi-stable singular fibres would be to generalize Theorem 1 so that it applies in the presence of any of the singular fibres on Hwang and Oguiso's (or Matsushita's) list. Now the canonical bundle formula (1) will apply in the general situation: the divisor B precisely accounts for the singular fibres in codimension one which are not semi-stable. Moreover, Matsushita [22] has determined the contributions to B R for the various possible singular fibres. Notice that as the contribution B R of the "bad" singular fibres increases, the degree of the moduli part J(X/P n ) will decrease, so that we should get an even stronger bound on the degree of the classifying mapφ in these cases. The difficulty is in defining the extensionφ of φ, since we don't have an appropriate compactification of A (d1,...,dn) whose boundary parametrizes all of the additional non-semistable singular fibres that we must allow.
Existence of a section
Let π : X → P n be a Lagrangian fibration that admits a global section. Away from the singular fibres, X| P n \∆ is a group scheme, as the fibres are abelian groups. Moreover, the semi-stable singular fibres are toric compactifications of semi-abelian varieties, so their smooth loci are also abelian groups. If instead π : X → P n does not admit a global section, then X| P n \∆ will be a torsor over an associated group scheme U over P n \∆. For example, U could be defined as the relative Albanese variety of X| P n \∆ .
Question Can U be compactified to produce a Lagrangian fibration π 0 : X 0 → P n ?
Remark Assume that X has semi-stable singular fibres, at least generically, i.e., over ∆\∆ 0 . Then we automatically obtain a partial compactification of U by adding in the semi-abelian varieties over ∆\∆ 0 . These semi-abelian fibres can then be compactified in the same way as they are compactificed in X itself, to produce a proper fibration W over P n \∆ 0 . There still remains the question of whether W can be compactified to a Lagrangian fibration over P n . In general, there is no reason to expect such a compactification to exist (cf. Lemmas 12 and 13 above), but in this case we may be able to use the fact that the torsor X| P n \∆ can be compactified to a Lagrangian fibration X over P n . Also, it is enough to show that W can be compactified to an equidimensional fibration π 0 : X 0 → P n , as the argument in Lemma 6 of [31] would then show that we have a Lagrangian fibration.
Example O'Grady constructed a ten-dimensional holomorphic symplectic manifold by desingularizing a moduli space of sheaves on a K3 surface [24] . For certain K3 surfaces S, O'Grady's space admits a Lagrangian fibration, which was further studied by Rapagnetta [26] . This Lagrangian fibration is closely related to the Beauville-Mukai system on Hilb 5 S. Indeed, over P 5 \∆, the Beauville-Mukai system is a torsor over the O'GradyRapagnetta Lagrangian fibration (see Section 5.3 of [27] ). These two fibrations are also locally isomorphic as fibrations over P 5 \∆ 0 . However, it is worth noting that they have non-isomorphic singular fibres in codimension two; i.e., we add different singular fibres over ∆ 0 in order to compactify these two fibrations over P 5 \∆ 0 .
Let us now assume that the above question has been answered in the affirmative. Thus to each Lagrangian fibration π : X → P n we can associate a Lagrangian fibration π 0 : X 0 → P n such that X| P n \∆ is a torsor over X 0 | P n \∆ . We call X a compactified torsor over X 0 . Note that π 0 : X 0 → P n admits a section, or at least a rational section (over P n \∆).
Conjecture 16
Up to deformation, there are finitely many compactified torsors π : X → P n associated to a fixed Lagrangian fibration π 0 : X 0 → P n .
Example Let S → P 1 be an elliptic K3 surface with only nodal rational curves as singular fibres. Then S is a compactified torsor over its relative Jacobian S 0 → P [2] shows that the Tate-Shafarevich group is finite in this case.
Example For Lagrangian fibrations, H
2 (X 0 , O) ∼ = C while H 3 (X 0 , Z) may or may not vanish. In some cases, the Tate-Shafarevich group is connected (see [29] ). In other cases, it has several connected components (the Beauville-Mukai system in ten dimensions is a compactified torsor over the O'Grady-Rapagnetta fibration, but they are not deformation equivalent). In general, we expect the number of compactified torsors over X 0 (up to deformation) to be bounded by a formula involving the number of irreducible components of the generic singular fibre of π 0 : X 0 → P n . We assume that the generic singular fibre is semi-stable, so this is equal to the number of connected components of the corresponding semi-abelian variety; we believe this can be related to the number of components of the Brauer group.
Maximal variation of abelian varieties
Our fourth hypothesis was that π : X → P n describes a maximal variation of abelian varieties around a generic point t ∈ P n . In other words, a sufficiently small neighbourhood V of t is embedded in A d1,...,dn by the classifying map φ, or equivalently, the derivative (dφ) t has rank n at a generic point t ∈ P n .
Example If an elliptic K3 surface does not describe a maximal variation then (dφ) t must have rank 0 at a generic point, but this means that dφ vanishes identically and φ is constant.
An example of such an elliptic K3 surface, with constant functional invariant, is given by constructing a Kummer K3 surface from an abelian surface A which is fibred over an elliptic curve E. This gives an elliptic fibration Blow(A/ ± 1) → A/ ± 1 → E/ ± 1 ∼ = P 1 which is locally isotrivial: every smooth fibre is isomorphic to a fixed elliptic curve. Note that this elliptic K3 surface has four singular fibres of Kodaira type I * 0 , sitting above the four branch points of the double cover E → P 1 . These are certainly not semistable singular fibres. Indeed, a locally isotrivial elliptic K3 surface cannot have semi-stable singular fibres: otherwise the functional invariant J would extend to all of P 1 , and since it is constant, every fibre would be smooth. So an elliptic K3 surface with semi-stable singular fibres must also describe a maximal variation.
We expect a similar dichotomy in higher dimensions.
Conjecture 17 (Matsushita) Let π : X → P n be a Lagrangian fibration. After choosing a local section over a neighbourhood of a generic point t ∈ P n , we can define a classifying map φ locally. Then we either have a maximal variation (the image of φ in A d1,...,dn is n-dimensional; equivalently, (dφ) t is of rank n) or a minimal variation (φ is constant and dφ vanishes).
Remark As with elliptic K3 surfaces, a Lagrangian fibration which is both a minimal variation and which has semi-stable singular fibres must be smooth up to codimension one, which is impossible. So Matushita's conjecture implies that a Lagrangian fibration whose generic singular fibres are semi-stable must also describe a maximal variation.
